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Abstract-This paper is concerned with a straightforward method of solving a singular integral 
equation in a double interval arising in the linear theory of water waves. The kernel of the integral 
equation involves a combination of logarithmic and Cauchy type singularity. The integral equation is 
solved by utilizing the solution of a singular integral equation of first kind with a Cauchy type kernel 
in (0, co) and in a finite interval. 
1. INTRODUCTION 
In the linear theory of water waves, various problems of water wave diffraction or radiation by a 
vertical or a nearly vertical thin barrier give rise to the singular integral equation 
(1.1) 
where g(z) is a prescribed function, L consists of a single or double interval depending upon the 
position of the barrier, f(t) has an integrable singularity at t = a when L is (0,a) or at t = b 
when L is (b, co) or at t = a and b when L consists of double interval (0, a) and (b, co) and further 
f(t) is bounded at infinity if one end of L is at infinity. 
When L is a single interval, the solution of the integral equation is known in the literature. 
Its closed form solution was found by reducing it to a singular integral equation with a Cauchy 
type kernel for L = (0, a) or (b, co) [I]. When L = (b, cm), th’ is integral equation was also solved 
directly by using the function-theoretic method [2]. Chakrabarti [3] solved this integral equation 
when L is either (0, a) or (b, co) by using a reduction procedure. 
In the present paper, the integral equation (1.1) for double intervals is solved by utilizing 
the solutions of first kind integral equation with a Cauchy type kernel for the intervals (0, oo) 
and (a, b). This method is based on an idea given in [4] wherein a first kind integral equation for 
double interval with Cauchy type kernel arising in aerofoil theory was solved. 
2. METHOD OF SOLUTION 
In the singular integral equation (l.l), we assume L to be a double interval (0, a) and (b, oo), 
g(z) a prescribed function, f(t) is unknown which is required to be bounded at infinity and 
04 = 
0 (lb - tl-(1/2f) , as t + b, 
0 (It - .[-(1/2)), as t + a. 
(2.1) 
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If we write 
and 
where h(t) is unknown and 
w = f(t)? t&L, o 
, a<t<b 
G(t) = 
g(t), t&L, 
h(t), a<t<b, 
h(t) = 
0 (lb - tpq ) as t + b, 
0 (It - al-(1/2)) , as t --f a, 
then the integral equation (1.1) can be expressed as 
lmF(t)[Kln(g[ +-&+-&]dt=G(x), 
Writing 
s 
t 
x(t) = K F(z) dz + F(t), 
0 
the integral equation (2.5) reduces to 
J 0 m&dt=F, o<x<m 
The solution of (2.7) is simple to find (see Appendix) and is given by 
X(x) = 2 J a tG(t) t2 dt + AI, (2.8) 
(2.2) 
(2.3) 
(2.4 
o<x<co. (2.5) 
(2.6) 
(2.7) 
where A1 is an arbitrary constant. Thus, using (2.6), we find for 0 < 2 < 00 
However, in (2.9), G(t) involves the unknown function h(t). An integral equation for h(x) is 
found from the fact F(x) vanishes identically in (a, b), so that 
where As is an arbitrary constant. This gives 
1 J O” - 2tG(t) dt = c 7r 0 t2 -x2 7 a<x<b, 
(2.10) 
(2.11) 
where C = r(KA2 - Al) and can be regarded as an arbitrary constant. An integral equation 
for h(x) is then obtained as 
where 
1 J b 2th(t) - t2 dt = G - 4x1, a<x<b, = a 
a<x<b. 
(2.12) 
(2.13) 
Singular integral equation 
The solution of (2.12) satisfying (2.4) is given by [5] 
83 
a<x<b, (2.14) 
where D is an arbitrary constant and 
(2.15) 
For simplification, we use (2.11) in 
F(x) = 0, a<x<b 
to obtain for a < x < b 
AI 
K - -f$ exp(Ka) + -jj Josexp(Ku) (1”s ) ] dt du -$-{exp(-Kx)} = 0. 
This implies that the expression in the square bracket must vanish, that is 
AI --- 
K 
TcK exp(Ka) + $ l”exp(Ku) (I” a dt) du] = 0. (2.16) 
Now using (2.14), (2.15) and the definition of C in (2.11), we can further simplify (2.16) as 
-A2 + J oa X,(u) exp(Ku) du = 0, (2.17) 
where 
Cu2+D 2 
x1(u) = {(a2 _ “2)@2 _ u2)}(1/2) + ;;z 
u < a. (2.18) 
Thus, (2.17) gives As in terms of C and D. Now using (2.9) and (2.14)-(2.16), the explicit 
solution to the integral equation (1.1) is obtained as 
f(x) = 
& [exp(-Kx) J,” exp(Ku)Xi(u) du] , x < a, 
$ [exp(-Kx) 1: exp(Ku)Xz(u) du] , 2 > b, 
(2.19) 
where 
2 
x2(u) = - {(u2 _ a::;;;:_Db2,](l,2, + ;;z 7 u>b (2.20) 
3. CONCLUSION 
A simple method is used for solving a singular integral equation in double interval whose kernel 
involves a combination of logarithmic and Cauchy type singularity. This type of integral equation 
arises in the linear theory of water waves. 
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APPENDIX 
Here we solve the integral equation 
J O” X(t) & = G(x) o<x<w. 0 x2 - t2 22’ 
Substituting x2 = ‘II, t2 = V, (Al) becomes 
J O3 X0(v) - dv = Gl(u), o<u<w, 0 u-v 
where 
Go = u -(r/2)G (t&1/2)) , X0(u) = 2L-wox (&/2)) , 
so that 
X0(U) = 0 (17J1-(1’2)) , as 21’0. 
Let 
fib) = & 
J 
O” X0(v) dv- 1 z=u+iw, 
0 
v-z 
so that in(z)1 < 00. Then, by the Plemelj Sokhotskii formula, 
X0(u) n*(u)=*~+& 
J 
O” X0(v) dv- 1 
0 v-u 
where 
f-z*(U) = ,Ii:* O(z). 
Thus, 
n+(u) + W(u) = -y, 
n+(u) - R_(u) = X0(u). 
(A6) is a Riemann Hilbert problem whose solution is given by [S] 
$+) = (4-W _2_ 
[ I=' 2ai o 
u(1/2) R(u) du + A1 -- 
xi U-Z T’ 1 
where A1 is an arbitrary constant. By the Plemelj Sokhotskii formula, 
a*(u) = *& - --L 
u(1/2) 
n(1/2) G1(n) 
x& J O” ,~1/2) G1 (v) dv -- I 0 ni v-u 1 
SO that from (A7), we get 
X0(U) = U -(l/2) 
Finally, using (A3), we get the solution of (Al) 
X(x) = f 
J 
O” tG(t) 
0 
tZdt++l. 
(AlI 
642) 
(A3) 
(A4) 
(A5) 
(A6) 
(A7) 
w3) 
(A9) 
(AlO) 
